Abstract. We study the singular locus on the algebraic surface Sn of genus 2 curves with a (n, n)-split Jacobian. Such surface was computed by Shaska in [15] for n = 3, and Shaska at al. in [3] for n = 5. We show that the singular locus for n = 2 is exactly th locus of the curves of automorphism group D 4 or D 6 . For n = 3 we use a birational parametrization of the surface S 3 discovered in [15] to show that the singular locus is a 0-dimensional subvariety consisting exactly of three genus 2 curves (up to isomorphism) which have automorphism group D 4 or D 6 . We further show that the birational parametrization used in S 3 would work for all n ≥ 7 if Sn is a rational surface.
Introduction
We study the singular locus on the space of genus 2 curves with a (n, n)-split Jacobian. Such curves have been of much interest lately because of their use in many theoretical and applicative situations. The first part of the paper is based on several papers on the topic of genus two curves with split Jacobians; see [1, [3] [4] [5] [6] [7] [8] [9] [11] [12] [13] [14] [16] [17] [18] [19] [20] [21] among others.
In the first section, we study genus 2 curves with split Jacobian. Let X be a genus 2 curve defined over an algebraically closed field k, of characteristic zero. Let ψ : X → E be a degree n maximal covering (i.e. does not factor through an isogeny) to an elliptic curve E defined over k. We say that X has a degree n elliptic subcover. Degree n elliptic subcovers occur in pairs. Let (E; E ) be such a pair. It is well known that there is an isogeny of degree n 2 between the Jacobian Jac (X ) of X and the product E × E . We say that X has (n, n)-split Jacobian.
The locus of genus two curves with (n, n)-split Jacobians is an irreducible 2-dimensional algebraic variety. There are many descriptions of it in the literature, but throughout this paper we will use only the embdedding of such space in the moduli space M 2 . In other words, we would like an equation of such space where every point corresponds precisely to one isomorphism class of genus 2 curves. We denote such surface by S n and always think of it given by an equation in terms of the absolute invariants i 1 , i 2 , i 3 of genus two curves; see [21] . We will call the surface S n the Shaska surface of level n.
The case with (3, 3)-split Jacobian was studied in [15] . These are the curves with degree 3 elliptic subcovers. Shaska in [15] computed the locus of curves X 148 LUBJANA BESHAJ with degree 3 elliptic subfield in the moduli space of genus 2 curves. We will give the explicit equation of this space and also a graphical representation of it. It was the first time that such an equation was computed other than the computationally trivial case for n = 2.
In [3] was studied the case with (5, 5) -split Jacobian by Shaska, Magaard, and Voelklein. There was computed a normal form for the curves in the locus S 5 and its three distinguished subloci. Further, they have computed the equation of the elliptic subcover in all cases, gave a birational parametrization of the subloci of S 5 as subvarieties of M 2 and classify all curves in these loci which have extra automorphisms.
In section 2 of this paper we compute the singular locus, T 2 , of the space S 2 , and the singular locus T 3 of the space S 3 . The definition of the singular locus depends on the parametrization of the surface. For the case of n = 2 we prove that the singular locus of S 2 is exactly the locus of genus 2 curves with automorphism group D 4 or D 6 . This computations were done using Maple 14.
If the surface S n is rational then we show how to obtain a birational parametrization for S n using the invariants of binary cubics, which were used first in [15] .
Throughout this paper by a genus two curve we mean the isomorphism class of a genus two curve defined over an algebraically closed field k. While most of the results are true for most characteristics, we assume throughout that the characteristic of k is zero.
Preliminaries
2.1. Genus 2 curves with split Jacobian. Let X be a genus 2 curve defined over an algebraically closed field k, of characteristic zero. The affine version of this curve is given by the equation X : y 2 = F (x), where F (x) is a polynomial of degree 5 or 6 and discriminant different from zero. Let ψ : X → E be a degree n covering, where n is odd and E is an elliptic curve. The degree n covering ψ : X → E induces a degree n cover φ :
Here, π 1 : X → P 1 and π 2 : E → P 2 are the hyperelliptic projections. So, φ • π 1 = π 2 • ψ. From Riemann-Hurwitz formula the number of branch points is 4, or 5. The ramification of the function φ is as follows; there are n−1 2 points of index 2 in q 1 , q 2 and q 3 , and n−3 2 points of index 2 in q 4 , and there is only one point of index 2 in q 5 . We denote this type of ramification by
In the following figure bullets (resp., circles) represent places of ramification index 2 (resp., 1).
The family of coverings φ : P 1 → P 1 , is an irreducible 2-dimensional algebraic variety. For every φ there exists a genus 2 curve C. Let H be the family of coverings. We have the map
Let α(H) be denoted by S n . So, we say that these curves X are parametrized by an irreducible 2-dimensional subvariety S n of the moduli space M 2 of genus 2 curves. The fact that S n is irreducible, for n odd, comes from the braid action on Nielsen classes. It is known that this is the case for all n ∼ = 1 mod 2; see [20] among others. Computation of spaces S n as a subvariety of M 2 has first computed by Shaska in [15] for n = 3 and then by Shaska, Magaard, and Voelklein for n = 5; see [3] . We will call the space α(H) → M 2 the Shaska surface of level n.
2.2.
Pairs of elliptic subcovers. Let ψ 1 : X −→ E 1 be a covering of degree n from a curve of genus 2 to an elliptic curve. The covering ψ 1 : X −→ E 1 is called a maximal covering if it does not factor over a nontrivial isogeny. A map of algebraic curves f : X → Y induces maps between their Jacobians f * : J Y → J X and f * : J X → J Y . When f is maximal then f * is injective and ker(f * ) is connected, see [20] for details.
Let ψ 1 : X −→ E 1 be a covering as above which is maximal. Then ψ * 1 : E 1 → J C is injective and the kernel of ψ 1, * : J X → E 1 is an elliptic curve which we denote by E 2 , see [17] or [21] . For a fixed Weierstrass point P ∈ C, we can embed C to its Jacobian via
So we have the following exact sequence
The dual sequence is also exact, see [20] 0 → E 1
The following lemma shows that ψ 2 has the same degree as ψ 1 and is maximal. 
For the proof see [20] . If deg(ψ 1 ) is an odd number then the maximal covering ψ 2 : X → E 2 is unique (up to isomorphism of elliptic curves).
To each of the covers ψ i : X −→ E i , i = 1, 2, correspond covers φ i : P 1 −→ P 1 . If the cover ψ 1 : X −→ E 1 is given, and therefore φ 1 , we want to determine ψ 2 : X −→ E 2 and φ 2 . The study of the relation between the ramification structures of φ 1 and φ 2 provides information in this direction. The following lemma answers this question for the set of Weierstrass points W = {P 1 , . . . , P 6 } of X when the degree of the cover is odd.
Let
be the points which has three Weierstrass points in its fiber. Then, we have the following:
Thus, the elliptic subcovers occur in pairs.
2.3.
Describing the Shaska surface S n in M 2 . Consider a genus two curve X defined over k, given with equation
Igusa J-invariants {J 2i } of X are homogeneous polynomials of degree 2i in
see [21] , [10] for their definitions. Here J 10 is simply the discriminant of f (X, Z). These J 2i are invariant under the natural action of SL 2 (k) on sextics. Dividing such an invariant by another one of the same degree gives an invariant under GL 2 (k) action. Two genus 2 fields K (resp., curves) in the standard form Y 2 = f (X, 1) are isomorphic if and only if the corresponding sextics are GL 2 (k) conjugate. Thus if I is a GL 2 (k) invariant (resp., homogeneous SL 2 (k) invariant), then the expression I(K) (resp., the condition I(K) = 0) is well defined. Thus the GL 2 (k) invariants are functions on the moduli space M 2 of genus 2 curves. This M 2 is an affine variety with coordinate ring
which is the subring of degree 0 elements in k[J 2 , . . . , J 10 , J invariants as in [21] . For the rest of this paper if we say "there is a genus 2 curve X defined over k" we will mean the k-isomorphism class of X .
Remark 1. The definitions of i 1 , i 2 , i 3 with J 2 in the denominator is done simply for computational purposes.
be two cubic polynomials. We define the following invariants
We denote by R(F, G) the resultant of F and G and by D(F ) the discriminant of F always with respect to X. Also,
In [2] it is shown that r 1 , r 2 , and r 3 =
form a complete system of invariants for unordered pairs of cubics.
Every curve X in S n is written as a product of two cubics. In other words, its equation is
. We will use the invariants r 1 , r 2 in relation with these cubics. Since the discriminants of such cubics can not be zero (otherwise the curve is not a genus two curve) then D(F ), D(G) are nonzero. For the same reason F (X) and G(X) don't have any common factors. Hence, R(F, G) = 0. Thus, r 1 , r 2 are everywhere defined.
Computation of singular locus T n
Throughout this section we will use x, y, z for absolute invariants i 1 , i 2 , i 3 respectively. Let S n be the Shaska surface of level n given by S n (x, y, z) = 0 Then, its singular set is defined as the solution of the system
3.1. The singular locus T 2 . The equation of S 2 is given by Then we have the corresponding system from which we eliminate z and get
where φ 1 and φ 2 are as follows; In this section we compute the singular locus T 3 of S 3 . The equation of S 3 is quite large and was computed in [15] . Below we display this equation S(x, y, z) mod 5. Let X be a genus 2 curve in the locus S 3 . Then, X is given by the equation
see [19] for details. In [15] was computed the equation of S 3 using the map
where the absolute invariants i 1 , i 2 , i 3 in terms of u, v are
The map
given by (3) which has degree 2 and it is defined when J 2 = 0. For now we assume that J 2 = 0 (The case J 2 = 0 is treated in Section 4.2, of [15] ). Denote the minors of the Jacobian matrix of θ by Table 1 . Exceptional points where det (Jac(θ)) = 0
Notice that the curve given by Eq. (5) corresponds to genus 2 curves with isomorphic degree 3 elliptic subcovers. Hence, the cover has singular branch locus on such cases. We will see next how this can be avoided when we use the invariants of a pair of cubics. 
such that k(S n ) = k(r 1 , r 2 ). Moreover, the singular locus of this parametrization contains the locus J 2 (r 1 , r 2 ) = 0 While the computation of S n for n ≥ 7 is more difficult because the degree is larger, it is also true that there are no other symmetries now other than the S 3 action on the first three branch points as described in [15] and [3] for cases n = 3, 5 respectively.
